JACQUET FUNCTOR AND DE CONCINI-PROCESI 
COMPACTIFICATION 



NORIYUKI ABE AND YOICHI MIEDA 

Abstract. We give a géométrie realization of the Jaequet functor using a 
déformation of De Concini-Procesi compactification. 



1. Introduction 

The symmetric variety is used from a long time ago, when représentations of a 
real reductive group are studied by the analytic way. On the other hand, when 
they are studied by the algebraic way, due to the locahzation theorem of Beilinson- 
Bernstein |BB8T] . the flag variety is often used. However, the geometry of the 
symmetric space is richer than that of the flag variety. For example, the symmetric 
space has a boundary and one can take a "limit" to this boundary (cf. [KKM+78] ). 

Fortunately, the locahzation theorem gives a way to realize représentations as 
géométrie objects on the symmetric variety G/K^ where G (resp. K) is the com- 
plexification of a real reductive group Gr (resp. a maximal compact subgroup -ÎCr 
of Gr). However, as far as the authors know, little is studied by such a way. In this 
paper, we use the symmetric variety and try to take a "limit" of such a géométrie 
object. The limit should become the Jacquet module |Cas80] since the Jacquet 
module describes the asymptotic behavior of matrix coefficients |HS83bj . In the p- 
adic case, similar results can be found in a work of Schneider-Stuhler |SS97| . They 
realize the Jacquet module on the boundary of the Borel-Serre compactification 
of the Bruhat-Tits building. The vertices of the Bruhat-Tits building for a p-adic 
semisimple group G are in bijection with a union of sets of the form G/if, where 
K ïs B. maximal compact subgroup of G. So it can be regarded as an analogue of 
the symmetric variety. In this paper, we realize the Jacquet module by taking a 
limit on the symmetric space. Notice that, if you use the flag variety instead of 
the symmetric space, a realization of the Jacquet module has already been given 
by Emerton-Nadler-Vilonen |ENV04j . 

We state our main results. Assume that Gr is of adjoint type. Let Gr = 
i^RARTVR be an Iwasawa décomposition, and Mr the centralizer of ^r in K^. Then 
Pr = MrAr A'r is a Langlands décomposition of a minimal parabolic subgroup. We 
use lower-case fraktur letters to dénote the corresponding Lie algebras and omit 
the subscripts "R" to dénote complexifications. Let X be the De Concini-Procesi 
compactification of G/K |DCP83) . The G-orbit of X is parameterized by a subset 
of n, where II C HomR(aR,E) is the set of simple restricted roots. Consider the 
closures of the codimension 1 orbits {Valagn- Then one can construct the variety 
X over A'^ by iterating the déformation to the normal cone (see Section [2]) . The 
subvariety Ya d X defines the subvariety y a C X. Put Z = X \ Uoen^a- This 
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is the variety which we will use. An important property of this variety is given by 
the following proposition. For 9 C H, lot Pe,R ~ Me,R^e,R-^e,R be a parabolic 
subgroup of Gr corresponding to 9. Put Kq = Mq H K. Let fz-Z^ be the 
canonical morphism. 

Proposition 1.1 (Lemma O ES]) . For Q CU, we have /^^((Gm)® x {0}n\®) ~ 
G/KeNe x (G^)®. 

Since X bas many orbits, it is natural to consider the "partial" Jacquet modules. 
Let HCe,p be the category of finitely generated (g, i4reA''e)-modules with the same 
infinitésimal characters as that of the trivial représentation. For 92 C 9i C II and 

V G HCe.^p, put 

Je2,ei(^^) = {v e \^V/{mei nïïej'^V" | n'^^v = for some /} 

k 

where Uq^ is the nilradical of the parabolic subalgebra opposite to pea • Then we 
can prove that Je2,ei(^) G 'HC^^^p (Proposition 13.9p . The usual Jacquet module 
is Jg^n- In gênerai, let Perviî(Z) be the category of iï-equivariant perverse sheaves 
on Z for an algebraic group H and a iî- variety Z . Let _B be a Borel subgroup of G. 
The Beilinson-Bernstein correspondence and the Riemann-Hilbert correspondence 
give an équivalence of catégories "HCe.p — Veï-vxeNeiG / B). The latter category 
is obviously équivalent to the category VeTYsiG/ KqNq), and thus we obtain an 
équivalence HCe^p ~ Peiv b {G /KsNq). 

Now we give our main theorem. Fix 92 C 9i C H and for each a G 9i \92, take 
e Z>o. Define i/: ^ A" by i^{t) = (O^Vei , (r°)„6e,\e,, 0®^). Put = 
Z x^n Al ^ Al. The by Proposition [Hl we have f~^{Gm) ^ G/Kq^Nq^ x G„ 
and /-HO) - G/Ke,Ne,. Let p,: f-\Qm) ^ G/Kq^Nq, x G„ G/Ke,Ne, 
be the natural projection and Rip: Perv(/-i(Gm)) Pei'v(/-i(0)) be the nearby 
cycle functor. Define the functor Katj^ : Perv(G'/i4'ei-^ei ) P'^i^^{G / Kq^Nq^) by 
Kati, = Rtp op*. 

Theorem 1.2. We have the following commutative diagram: 
HCq-^^p — 5~ TLCq2,p 



Peiv B{G/Ke,Ne,) ^ Pervs (G/if e.TVeJ. 

We summarize the contents of this paper. In Section [21 we give preliminaries 
on the déformation to the normal cone. The définition and the properties of the 
partial Jacquet functor Je^.Oi given in Section [S] We review the theorem of 
Emerton-Nadler-Vilonen in SectionU) We will use their resuit to prove our theorem. 
We finish a proof of the main theorem in Section [5j 
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2. Déformation to normal cone 

Let X be a scheme of finite type over C and Y its closed subscheme. Then we 
can construct a family /: A" ^> A^, called the déformation to the normal cone, that 
satisfies the following: 
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• over Gm, it is a constant family X x G-m G-m, and 

• the fiber /^^(O) at is isomorphic to the normal cone Cy{X). 

Recall that, if we write X for the defining idéal oiY C X, the normal cone Cy(X) 
is the scheme Spec0^gl'^/X'^+^ over Y. If X and Y are smooth over C, Cy{X) 
is isomorphic to the normal bundle Ty{X). 

Let us recall briefly its construction. For more détail, see |Ful981 Chapter 5]. 
Let X be the blow-up oi X x along Y x {0}. Then, by the universal property 
of the blow-up, we have a natural morphism X x {0} X, which is a closed 
immersion. We define X as the complément of its image in X, and /: A" — > as 
the composite oi X ^ X ^ X x . If X is an afhne scheme Spec A, we may 

describe X more explicitly as follows. Let / be the defining idéal oîYcX. Then 
X = Spcc0„g2 "^"i where T is an indeterminate such that = SpecC[T]. 
Note that we set = A for a négative integer n, and regard 0„g2 j-nj^n ^ 
subring of the Laurent polynomial ring yl[T^^]. 

To any subscheme Z of X, we can attach a subscheme Z oî X such that Z A^ 
is the déformation to the normal cone with respect to F fl Z C If Z is open in 
X, then Z is simply the inverse image of x A^ under X X x A^ . On the other 
hand, if Z is closed in X, then Z is the strict transform oî Z x A^ Çl X x A^ m X\ 
namely, Z is the closure of f^^{Z x Gm) in X. 

For our purpose, itération of this construction is important. Now let X be a 
scheme which is smooth of finite type over C, Y its effective divisor, and lJi=i 
the irreducible décomposition of Y. Assume that F is a strict normal crossing 
divisor. Namely, for each subset 9 C {1, . . . , Z}, we assume that Yq — Hiee 
smooth over C. It is équivalent to saying that Y C X is étale locally isomorphic 
to (Ti ■ ■ - Ti — 0) C A" = SpecC[Ti, . . . ,T„] and every irreducible component of 
Y is smooth over C. Under this setting, let X^-^'' — )> A^ be the déformation to 
the normal cone with respect to Fi C X. For each i, the closed subscheme Yi 
of X induces a closed subscheme yj^^'' oî X^^K Next, consider the déformation to 
the normal cone A"^^^ A^ with respect to J^j^"* C X'^^^ and closed subschemes 
Vi"^^- Inductively, we can define a family X^'^^ — > A^ and closed subschemes y^''^ 
of X'^'^K Recall that, by construction, A'^*^-' is equipped with a natural structure 
morphism X^''^ X'^''~^'> x A^, where X^'''> — > A^ is the composite of it with the 
second projection (here we put X'-^'> — X). Therefore, we get a natural morphism 
TTfe : A'^*') X X a'' and fk = prj o tt: X^''^ A''. If fc = we simply write X, yi, 
TT, / for A'('), y^^\ ni, fi, respectively. 

First let us consider étale locally. Assume that X = A" = Spec C [5*1, S'„] 
and Yi is given by the équation Si = for each i. Then we have 



A(2) 



LIi J li 

SpecC[^,^,53,...,5„,Ti,rJ, 



1), S,, = (z > 2), 



{i< 2), Si = {i> 3), 



A'W - SpecC[^, . . . , ^, Si+i, . . . , Ti, . . . , T,] , y^'^ : ^ = 0. 



This computation can be generalized to the case where X is affine: 
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Lemma 2.1. Assume that X is an affine scheme SpecA. Let h be the defining 
idéal of Yi . Then, we have 

X = Spec I-T^TT^, 

where /-^ = /f • • • and = ■ ■ -T^' for n = {ni, . . . ,ni) e . 

Proof. As explained above, we have X^^^ = SpccB^i) for B^i) = 0„^ez A"""^"' ■ 
The local calculation tells us that the defining idéal of 3^2^-* is l2B^^\ Thus we have 
^(2) = SpecB(2) for = e„^,, I^-^B^i^T- = e(„,,,,),,. I^'^ I^^^T^^T^^ 
We can proceed similarly to obtain the desired formula. □ 

Remark 2.2. By the lemma above, we know that X is independent of the labeling 
Ofyi,...,^;. 

For each subset 9 of {!,...,/}, set Xq = f-^{{G,n)^ x {0}^"), where 9^ = 
{1, . . . , Z} \ 9. RecaU that we put Ye = fl^ee 

Lemma 2.3. We have Xq ~ Cy^^iX) x 

Proof. We may assume that X is an affine scheme Spec A. Let li be the defining 
idéal of Yi and put B = 0„gzi I^-T—. By Lemma \2Â\ we have 

Xe = SpecB[î;-i | z e 9]/(r, 1 1 G 9^), 

where {T,\i £ Q") is the idéal generated by T, for i e 9^ Note that B[T,j^^ \ i G 
9] is isomorphic to {^^^^e- I-^T^) 'C[T^^\i G 9]. Therefore, by replacing 
{Yi, . . . , Y/} with {Yî I î G 9'^}, we may assume that 9 = 0. 
Put J = /i + ••■ + /; . By the définition, we have 

A'0 = SpecB/(Ti,...,r,) = Spec (/^/ J/^)T-^ = Spec I^/JI^. 

rie(z>o)' «e(z>o)' 

On the other hand, we have Cy^^ i}{X) = Spec®^g J'^/J'^+^. Therefore we 
have a natural morphism Cy^^ ,j (X) A© by sending I—/JI— to j'^ / J^'^^ where 
fc = ni + • • • + nj. By étale local calculation, it is easily seen that this morphism is 
an isomorphism. □ 

Lemma 2.4. Assume that X ^ X' x h} and Yi = {{x, (cj)) £ X \ a ^ 0}. 

(1) We have an isomorphism A" ~ X' x A' x A' under which tt : A — > X x A' = 
X' X A'' X A' is given by (x, (di), (ti)) M> {x, (diti), (ti)). 

(2) The projection Xq ~ CY^^aiX) x (G™)® ^ Cy^^aiX) Ye^ î-s given by 
(x, (di), (ti)) ^ {x, {diti)). 

(3) Let G be an algebraic group over C. Assume that we are given an action of 
G on X' and characters Xi - G ^ G^m- Thèse induce an action of G on X 
by (x, (ci)) — > (gx, (xi(ff)ci)) which préserves Yi. Then, the induced action 
on X ^ X' X à} X à} is given by (x, (di), (ti)) (gx, ixi{g)di), (ti)). 

Proof. (1) Since our construction clearly commutes with a smooth base change, 
we may assume that X' — SpecC. Then the local calculation above gives us the 
desired isomorphism (we have only to take n = l). 

(2) In the same way as in (1), we may assume that X' ~ SpecC and use the 
local calculation. 
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(3) Since tt: X X x is G-equivariant, for {x, (di), (ti)) G X, we have 
TT{g{x, {d^), {U))) = g{x, (diU), (U)) = {gx, {xt{g)diU), (U)) = TT{gx, {xi{9)dt), (U)). 
On the other hand, tt is an isomorphism over the open subset X x (G™)' C X x A'. 
Therefore, on the dense open subset tt~^{X x (Gm)') of X, the action of G is given 
by (ce, (di), (ti)) {gx, {xi{9)d-i), (U))- Hence it is given by the same formula over 
the whole X. □ 



3. The Jacquet functors 

In this section, we recall some prehminaries on the Jacquet modules, which are 
well-known. (For example, some of them are proved in |HS83bl [Wal88| .) However, 
we give proofs for the sake of completeness. 

Let Gr be a connected reductive linear algebraic group over R, Gr — /sTrArA'r 
an Iwasawa décomposition, and Mr the centralizer of Ar in _R'r. Then Pr — 
MrArA'r is a Langlands décomposition of a minimal parabolic subgroup. We use 
lower-case fraktur letters to dénote the corresponding Lie algebras and omit the 
subscripts "K" to dénote complexifications. Fix a Cartan involution 9 such that 
K = {g G G \ 9{g) = g}. Let E be the restricted root System for (g, a) and S+ the 
positive System corresponding to n. Then E+ détermines the set of simple roots 
n C S"*". As usual, the universal enveloping algebra of q is denoted by U{q) and 
the center of U{q) is denoted by Z{q). 

Fix a subset 6 C H. This defines a parabolic subalgebra pe 3 p. Let pe — 
me ® ae © ne be a Langlands décomposition such that ae C a and ne 3 n. 
Dénote the corresponding parabohc subgroup by Pe,R = -^'%,R^e,R^e,R C Gr. 
Let Pe = me © ae © ne be a Langlands décomposition of the opposite subalgebra 
of Pe- Put le = me © ae, ie,R = Me.R^e.R and i^e = Me n K. 

Let HCq be the category of finitely generated Z(g)-finite (g, iire-^e)-inodules. 
Here, a (g, iîre-^e)-inodule is a vector space equipped with a g-action and an alge- 
braic -ftTeiVe-action satisfying the obvions compatibility. (We do not assume that 
the action of KqNq is semisimple.) When we emphasis the group Gr, we dénote it 
by T-LC'q-. If = n, then HCn is the category of Harish-Chandra modules (namely, 
finite length (g, if)-modules) of Gr |Wal88[ 3.4.7. Corollary, 4.2.1. Theorem]. We 
will prove that T-LCq is equal to the category O'p^ ^ defined by Hecht-Schmid [IIS83b] 
(Lemma 13.11 and 13. 2p . 

For /X e and an ae-nrodule V , dénote the generalized /^-weight space by 
T^{V). Set wt„e(^) = {m e oe I T^l^) ^ 0}. 

Lemma 3.1. For a Q-module V and k e Z>o, set Vk — {v Ç^V \ UqW = 0}. 

(1) If Vi is Z{lQ)-finite, then Vk is Z{Iq) -finite for ail k G Z>o. 

(2) If V is Z{Q)-finite, then Vi is Z{lQ)-finite. 

(3) IfV is a Z{Q)-finite {g, Nq) -module, then V = 0^e„.^ r^(V"). 

Proof. (1) We prove (1) by induction on k. The homomorphism V — > Homc(n0, V) 
defined by w ^-7■ (u i— ^ uv) gives a homomorphism Vk+i/Vk — > Homc(ne, Vi), which 
is injective. By Kostant's theorem, Homc(ne, Vi) ~ (^e)* © Vi is Z(le)-finite. 
Hence V^+i is Z([e)-finite by inductive hypothesis. 

(2) Consider the following homomorphism: ip: Z{q) ^ U{q) = C/(le)©(neC/(g)+ 
?7(g)ne) U{Iq). Then by a theorem of Harish-Chandra, the image of this homo- 
morphism is contained in Z{le) and Z{Iq) is a finite .Z'(g)-algebra. Moreover, the 
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action of Z{g) on Vi factors through ip. Set / ~ Amiz{Q) V. Then (p{I)Z{Iq)Vi — 
and (p(/)Z(le) C Z{ls) has a finite codimension. 

(3) By (1) and (2), Vk is Z([e)-finite. Since ae is contained in the center of 
(e, we have J7(ae) C Z{Iq). Therefore, 14 is C/(ae)-finite. Hence we have Vk = 
®tj,ea* ^fj-i^k)- By the assuniption, we have V = IJj. Vk- We get the lemma. □ 

In particular, iî V e UCq then V = 0^g„^ r^(V"). Let Gi, 62 C H such that 
02 C 9 C 9i. For such data, we define Je2,ei(^) and Je2,ei(^) as foUows: 

fe 

Je2,BAy) = {w e JB2,ei{y) I "ea" = fo^' some fc}. 
If 81 = n and 82 = 0, then jQ^ Q^{y) is called the Jacquet module of V. If 
81 = 82 = 8, Je2,ei(^) = We will prove the foUowing properties in this 
section: 

• For V G HCe, Je2,ei(^) is independent of 81 and an object oîHCq^. 

• For y e 'HCsi and 83 C 82 C 81 C II, we have Jq^ o Jq^ Oi {V) ~ 

• The functor Jea.Gi ■ HCq^ — ?► HCq^ is exact. 

So the usual Jacquet functor is decomposed into the composite of Joa.ei's- 

Lemma 3.2. (1) // F G 'HC%^ then F^, {V) e nC^^'^-' for m G a^^ . 

(2) IfV e nC%" then V/xieV G UC^'''^ . 

(3) IfV e HC^^" then V/neV G HCq*" ■^ 

(4) i^or y G HCq and fii G a^^, r^j(V"/(mei '^"02)''^) îs a Harish- Chandra 
module of Lq^^m- 

Proof. (1) It is easy to see that F^tj(y) is a (g, iîre(-^ei H A^e))-inodule. It is 
sufficient to prove that T ^^{V) is a finitely generated {/([ej-module and Z{{q^)- 
finite. 

Since y G HCq, V is generated by a finite-dimensional subspace W of V. By 
Lemma l3T1 (3). the action of ae on V is locahy finite. By the définition of HCq, the 
action of ne on V is locally finite. Hence we may assume that VF is ne ® ae-stable. 
In particular, W is noi © aej-stable. Therefore, we have V = U{me^)U{nQ^)W . 
From this, we get 

Since W is finite-dimensional, wta^^ (M^) is finite. For each fi'^, r^j_^'^ (t/(nei )) 
is finite-dimensional. Therefore, J2f,[ewt^^ (w)^t^i-t^'ii^i'^eii))^p,{{W) is finite- 
dimensional. Hence F^^ (y) is a finitely generated [/(mej-module. 

Put Vk — {v £ V \ n^^v = 0}. Since T^^{V) is finitely generated Uimsi)- 
module, we can take nej-stable subspace W such that F^^ {V) C U{me^)W' . Since 
W' is finite-dimensional, W C 14 for some k G Z>o. By Lemma [3. Il Vk is Z([ei)- 
finite. Hence F^j(F) is Z(lei )-finite. 

(2) As above, we can take a finite-dimensional ne ® ae-stable submodule W 
which générâtes y as a g-module. Then we have V = U {ne)U {mQ)W . Hence we 
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get a surjective homomorphism U{me)W ~> V/neV. It is sufRcient to prove that 
U{me)W e nC^'^''-. Since W is finite-dimensional, W C ^f^^A^^iV) for a finite 
subset A c Oq. Each r^(F) is me-stable. Therefore, U{me)W C 0^gArM(^)- 
By (1), T^{V) G HCe'' ". Hence we have U{me)W e HCq^ ". 

(3) Recall that an object of HC^^ is a Harish-Chandra module of Gr. Hence 
this is |HS83al Proposition 2.24]. 

(4) By Lemma lXTl we have V = ©^^goo ^^^(F). Since has an aoi-weight 
0, the action of me préserves each r^j(F). Therefore, we have r^j(V"/(mei ^ 
ne.)''V) = r^,(y)/(me, n ïïej'^r^, (V). By_(l), T_^,iV) e HCe"-^ Hence we 
may assume that Qi = H. So we have mei H ries = ■ 

By (2), V - V/neV G HC^^^". By (3), V" - ^/(me nïïejr G HCq^-". 
Since V" — V/uq^V, we get the lemma for k — 1. 

For a gênerai fc, we can prove the lemma by induction on k using an exact 
séquence (g) (V/ne^V) V/nl+W V/^e^V ^0. □ 

We now prove that the length of an object of HCq is finite. 

Lemma 3.3. Assume that a {g, NQ)-module V satisfies the following conditions: 

(1) The module V is Z (g) -finite. 

(2) For ail fj, G Oq, Tf^iV) has a finite length as a rriQ-module. 
Then V has a finite length. 

Proof. Let(y9: Z{g) — > Z(If-i) be a homomorphism defined in the proof of Lemma l3.1l 
Set J — (p(Aimz(^g-) V)Z{Iq). Then J has a finite codimension. In particular, 
there exists a finite subset A C Oq which gives ail maximal ideals of U{aQ)/{J fl 
C/(ae)). Let V be a subquotient of V. Then we have J(l/')"^ = 0, hence {V')"^ C 
®^g^r^(y). Since V' is a (g, A*'e)-module, the space (V')"^ is non-zero. Hence 
the length of the g-module V is less than or equal to the sum of the length of 
me-niodulcs Tf^{V) for /i G A. It is finite by the assumption. □ 

Corollary 3.4. Each object in "HCq has a finite length. 

Proofi The condition of (1) in the previous lemma is satisfied by the définition of 
HCe- For V G T-LCq and yu G Oq, T ^^[V) is a Harish-Chandra module of Le, m by 
Lemma (4). (Take 0i = 02 = O.) Hence it has a finite length. By the previous 
lemma, we get the corollary. □ 

For a subset A C Oq, put A-Z>oH|(,e = {^-Saen '^«"Ue I A* € A, G Z>o}. 
Lemma 3.5. For V G T-LCq, there exists a finite subset A2 of Oq^ such that 

wtae^ {J02,0i (^)) C A2 - Z>on|ne^ . 

Proofi Put c = m-ei H ïïea. As in the proof of Lemma f3.2[ we can take a finite- 
dimensional nei ffi aei-stable subspace W such that V — U{g)W. Put Ai = 
wtog,^(VF). Then this is finite and, since V = U (me)!! {ne)W , wtoe^ (^) G Ai — 

Z>ori|ae,- Set A2 = U^,gA,wt„e,(r^i(WcV^)) = {l^2 G wtae,{V/cV) \ fi2\ae, 6 

Al}. By Lemma IX2l (4), r^j(F/cF) is a Harish-Chandra module of ie2,R- In 
particular, it is Z([e)-finite. Therefore, it is ?7(ae)-finite since ae is a subalgebra 
of the center of le. Hence wt^g,^ (F^j^ (V/cV)) is finite. This implies that A2 is finite. 
We also have wtae^ {V/cV) C A2 - Z>oH|ag,^ . 
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We prove wto^^ [V/c'^V) C A2 — Z>on|ag,^ by induction on k. Then we get the 
lemma. From an exact séquence c ® {V/c^V) — > V/c'^^^V -^V/cV^ 0, we have 

vji{V/à+^V) C wt(c ® {V/c^V)) U wt{V/cV) C A2 - z>on|ae^ 

by the inductive hypothesis. □ 

Lemma 3.6. For V G UCq, we have Jq^^q^{V) = ^^^^^a'^^^t^AJe^^eAV))- 
Therefore, ( ^62,61 (V^)) = (-^62,61 (V")). 

Proof. By Lemma [3.5[ the right hand side is contained in the left hand side. On 
the other hand, by Lemma lÏÏTT] fS). we have Je2,ei(^) = ®A'2ea^ ^^2 ("^02,61 (^))- 
This is a subspace of the right hand side. □ 

Notice that V/{mei nne2)''V^ - •^e2,ei(^^)/(vnei nne2)'°^e2,ei(V") by the défi- 
nition. 

Lemma 3.7. For ^2 G 102' ^^^^6 exists k ë Z>o such that T^ij ("^02,61 (^)) ~^ 
r^2(F/(mei nïïea)'^!^) is an isomorphism. 

Proof. Put c = nne2. Take A2 as in Lemma [3.51 Let k e Z>o such that for 
any «i, . . . , G S+ we have 112 (A2 — Z>on||jg,^ ) — («i + • ■ • + 0?^). Then we have 

r^2('^'^'^e2,ei(^)) = 0. By the exact séquence — > c'^Je2,ei(^) "^62,61 (^^) ^ 
V/c'^V ^ 0, wehave - r^2(c' Je2,ei(V^)) ^ r^2 (^62.61 (T^)) ^ r^2(^/c''^") ^ 0. 
Hence we get the lemma. □ 

Lemma 3.8. For V G HCq and /i2 G , ( Je2,ei (1^)) a Harish-Chandra 
module for Le2.R- 

Proof. This follows from Lemma 13. 2| Lemma 13.61 and Lemma 13.71 □ 

If = 01 = n, the following proposition is |HS83b| (34) Lemma]. 
Proposition 3.9. IfV £ HCe, then Je^^e^{V) e HCe2- 

Proof. It is sufficient to prove that Jq^ (V) has a finite length. This fohows from 
Lemma 13.31 and the previous lemma. □ 



Hence Je2,ei defines a functor HCo — > HCq^. 

Proposition 3.10. For 63 C 62 C 9 C 0i C H, we have Jq^^q^ ° Je2,&i — 
"^63,61 : HCe — > HCq.^. 

We use the following lemma. 

Lemma 3.11. Let c be a finite- dimensional nilpotent Lie algebra, Ci,C2 C c Lie 
subalgebras such that: 

• C2 is an idéal of c. 

• c = Cl © C2. 

Then for ail fci, fc2 G Z>o there exists n G Z>o suc/i t/iat c" C Ci^U{c) + C2^?7(c). 

Proo/. Set V = [/(c)/(c^C/(c) + c^^Uic)), vq = 1 e V. Then F is a right U{c)- 
module, V = fo?7(c) and voc^^ = ^0^2^ = 0. We have V = vqU {ci)U {C2) ■ Since 
vqCi^ = 0, vqU{ci) is finite-dimensional. By the assumption, C2 is an idéal of 
c. Therefore, uoJ7(ci)c2^ = i;oC2^C/(c) — 0. Hence F is finite-dimensional. Since 
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a finite-dimensional irreducible représentation of c is a character, V is given by 
an extension of characters. As wqC^^ ~ «0^2^ — s-nd c is nilpotent, for every 
V G V there exist integers h, I2 such that vc'i — vcl^ — 0. This implies that each 
irreducible subquotient of V is the trivial représentation. Hence there exists n such 
that «oc" — 0. This complètes the proof. □ 

Proof of Proposition \3.1(A We prove that for cach /.i^ G Oq^ the generalized ^3- 
weight spaces of both sides are isomorphic. Put Ci = nïïea, C2 = mei n 
and c = Cl ® C2. Then Ci, C2 satisfies the assumption of the previous lemma and 
c = mei nneg. Put /i2 — Malae • By Lemma |3^ and Lemma [ÏÏTfl for sufficiently 
large fci , ^2 , we have 

= r^3r^, ( Je„e, W/c^ Je„e, (V^)) 

= r^3 (r^, ( Je„e, {V))/4^T^., ( Je.,e, {V))) 

= r^3 (r^, v)/c1^ T,, V)) 
= r,3(y/(c^y + 4^y)). 

We also have 

T,,{Je,^eAV))^T,,iV/c''V) 

for sufficiently large k. Fix ki,k2 and take n as in the previous lemma. We may 
assume k < ki, k2 < n. Consider the following homomorphism: 

r^3(y/c"y) -> T^,iv/ic1w + 4w)) -> r^3 Wc''^). 

Since V/c"V is decomposed into the generalized ae3-weight spaces (this follows 
from the fact that V/c"V is a Harish-Chandra module of Les,»), the first homo- 
morphism is surjective. If ki,k2,n,k is sufficiently large, the composition of this 
homomorphism is isomorphic by Lemma 13.71 Hence the first homomorphism is 
injective. We get the proposition. □ 

Proposition 3.12. The functor Jq^ : TLCq — > HC^^ independent ofOi. 

Proof. By the previous proposition, Je^.Oi — Jb2,b ° J0,&i- Hence it is sufficient 
to prove that Jq^q^{V) ^ V îot V £ HCq. We compare the ^-weight spaces for 
each ^ e Oq. 

Put c — mei ri ne- Take a finite subset A c Qq such that wta^{V) c A — 
Z>oH||jQ. Then for a sufficiently large fc, for any ai,...,afc G H we have fi ^ 
A — Z>oH||jQ — (ai + • • ■ + ttk)- Hence we have /i ^ wta^ic'^V). This implies 
rp(V^) ~ r fj_{V/c''V). On the other hand, the right hand side is isomorphic to 
r^(Je 0j(T/)) for a sufficiently large k by Lemma l377l We get the proposition. □ 

Lemma 3.13. Each V G T-LCq is finitely generated as a U{ji) -module. 

Proof. Take a finite-dimensional ne © oe-stable subspace 14^ of F which générâtes 
y as a g-module. Then U{xnQ)W C ® ^j^^^^^ ^i.iy) for some finite subset A C ag,. 
Hence U{m.Q)W is a Harish-Chandra module of Le,R- Therefore, by a theorem 
of Casselman-Osborne |C078i 2.3 Theorem], U{m.Q)W is finitely generated as a 



10 



NORIYUKI ABE AND YOICHI MIEDA 



(menn)-module. Since V = U {ne)U {mQ)W , V isa. finitely generated C/(ne)t^(nien 
ïï) = L/(ïï)-module. □ 

Proposition 3.14. The functor Jq^,^! ■ ^^Oi — > HCq^ exact. 

Proof. If 62 = and 9i = H, this proposition is well-known |Wal88[ 4.1.5. The- 
orem] . The key point of the proof is the Artin-Rees property and that V G 'HCn 
is finitely generated as a ?7(n)-module. Hence the usual proof is apphcable for our 
situation using the above lemma. □ 

4. The geometric Jacquet functor 

In this section, we recall an argmnent of Emcrton-Nadler-Vilonen jENV04| . For 
C n, let 7iCe,p be the category oî V € HCq whose infinitésimal character 
is the same as that of the trivial représentation. Fix a Borel subgroup B of G. 
Then by the Beilinson-Bernstein correspondence and the Riemann-Hilbert corre- 
spondence, we have an équivalence of catégories A: HCe.p — P^Tv^eNeiG/ B) 
where VerYK^N^iG / B) is the category of iiTe-^e-equivariant perverse sheaves on 
G/B. 

Fix a cocharacter v: Gm — >■ A such that {v,a) > for ail a G H. Define 
a,y: G/B x G™ — G/B by {gB,t) 1-^ v{t)gB. Let Rij] be the nearby cycle functor 
with respect io G/B x à} ^ à}. For ^ € Perv(G/S), put *^(^) = Ripal-^. 
Then the main thcorcm of |ENV04| is the foUowing. 

Theorem 4.1 (Emerton-Nadler-Vilonen |ENV04[ Theorem 1.1]). A ssume that v 
is regular. We have A o J0 jj ~ \I'y o A : 'HCn,p Perv{G/B). 

Their argument can be applicable for a gênerai v. Namely, we can prove the 
foUowing theorem. 

Theorem 4.2. 9 = {a G II | {a.i/) ^ 0}. Then we have A o Jq q, ~ 
o A : HCe'.p Perv(G'/B) for ail & cU such that 9 C 6'. 

We review the proof. Let V G HCe'^p. First we construct a filtration on V. To 
construct it, we prove the foUowing lemma. 

Lemma 4.3. We have the foUowing. 

(1) We have Je,n(^)/4 Je,n(T^) ^ Je,n(T^)/4 Je,n(^). 

(2) Wehave Je,^iV)^Je,^iJeMy))■ 
{3) We have Je.n(F) ^ O^^sa^ r^(Je,n(F)). 

(4) The homomorphism V — î- Jqji{V) is injective. 

Proof. (1) Since both sides are decomposed into generalized Og-weight spaces, it is 
sufficient to prove that the /^-weight spaces of both sides are isomorphic for every 
G Oq. We have 

r^iJeMV)/^eJeMV)) - r^(^e,n(^))/r^(4 Je,n(V^)). 
By Lemma [3Jl we have T fj.{Je,n{V)) — Je,n(V^))- We also have 

fi'+fi"=fi 

- E r^'(4)V(-/e,n(X^))-r^(4Je,n(V^)). 

p,'+fj."=p, 
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We get (1). 

(2) This follows from (1). 

(3) By (2), it is sufficient to prove that for V € nCe, Je,n{V) ~ O^ea--, 
We can use the proof of |GW80[ Lemma 2.2]. 

(4) The kernel oî V ^ JeM^) satisfies Ker/(me nïïe)Ker = 0. Therefore, it 
is sufficient to prove that for V G HCe> with V ^ 0, V/{me n ne)V^ ^ 0. We 
prove V/nV ^ 0. Put V — V/ns'V. Take a maximal ae'-weight fi' of V. Then 
Tf,'ine'V) = 0. Hence r^'(y') = r^'(V^). In particular, V ^ 0. By Lemma[321 V 
is a Harish-Chandra module of Le',R. By Casselman's subrepresentation theorem, 
we have V/nV = V'/{me' n n)^' ^ 0. □ 

Using (4), we regard F as a submodule of Je,n(^)- Let dv. C a hc the 
differential of i' and put H — di^^l). This is an intégral dominant élément of ae- In 
gênerai, for an a- module V, let rH,a{V) be the generalized iï-eigenspace of V with 
an eigenvalue a. For a, a' G C, wc dcfinc a >z a' by a — a' G Z>o. For V G HCq'^p 
and a G C, define i^a(Je,n(V")) C Je^iV) and FaV C V hy 

FaiJeMV)) = n ^H.a'{Je,n{y)). FaV ^ V n FaiJeMV))- 

a' <.za 

Let ^ be the ring of differential operators on G/B. Set Y ^ Si (»u(g) = alY 

and J = T{p/B x G™, = C[i, i"!] (g) y. As in |ENV04) . we define the filtration 
ViV) on V by 

V-{V)=@t^F^a+k{V). 
feez 

Lemma 4.4. I7e have 

F_a{V)/F^a-i{V) ^ F^a{JeAy))/F-a-i{JeAy))- r^(>/e,n(^)) 

Proof. We prove that the first homomorphism is isomorphic. By the définition of 
F^a-i{y), the homomorphism is injective. This homomorphism is surjective by 
Lemma 13.71 The second homomorphism is obviously an isomorphism. □ 

From this lemma, if we prove that V^lV) is a T^- filtration, then by the description 
of the nearby cycle functor in terms of ^-modules |Kas83) (see |ENV041 3]) and 
LemmalSll we have T{G/B,Ripy) = Je,n(V^)- Hence Theorem g^] is proved. 

To prove that this gives a ^-filtration, it is sufficient to prove the foUowing 
lemma. (See |ENV04i 4].) Define a fihration Fa{U{ne)) by 

Fa{U{ne))^ Tn.a'iUine))- 

Lemma 4.5. For a G C and fc, l G Z, the following hold. 

(1) For a sujficiently large k, F^a+k{y) is stable. 

(2) The module _F_a_/j(V)/(F_fe([/(ïïe))i^-Q(X^)) is afinitely generated [/(me)- 
module. 

(3) For l>0,we have F-a-k-i{V) = F-i{U{ne))F^a~k{V) for a sufjiciently 
large k. 
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Proof. (!) Take a finite subset A C Oq such that wtae (-/e.nlV^)) C A — Z>on|ae- 
Since H is dominant intégral, for ail /i £ wtag, ( Je,n(^)) we have fi' {H) — ij,{H) g 
Z>o for somc /i' e A. Take k such that —a + fc > max{/i'(iï) | /i' e A}. For such 
k, F_a+k{V) is stable. 

(2, 3) We can use the same proof as that of [ENV041 Lemma 2.5]. □ 

From this, is a IZ-filtration. Hence we get Theorem 14.21 

5. Symmetric space 

Assume that G is of adjoint type. Let uJa be the fundamental coweight for a G H, 
namely, it is a cocharacter Wq : G-m G which satisfies (oJq,, a) ~ 1 and (wq, /3) = 
for /? G n \ {a}. Since G is of adjoint type, it exists. Define u: {G,n)^ ^ ^ by 
^ nagn'^a(^a)- Then ui gives an isomorphism. 

De Concini and Procesi |DCP83) constructed the wonderful compactification X 
of G/K. This compactification satisfies the foUowing conditions. Set xq = K E 
G/K. 

(Cl) The variety X is irreducible and proper smooth over C. 

(C2) A G-orbit of X is parameterized by a subset of H. We dénote the G-orbit 

corrcsponding to 6 C H by Xq. 
(C3) The G-orbit Xu is the unique open G-orbit and it is isomorphic to G/K. 
(C4) The closure of each orbit is smooth. 

(C5) We have an A^-equivariant open embedding N x A'^ — > X such that for ail 

a = {tta) G {G,n)^, an élément uj{a)xo is the image of (1, {a'^^)) E N x Â^. 

Moreover, the intersection of Xq and N x A'^ is given by x (Gm)^ x 
{0}n\e ^ 

(C6) By the above condition, A^ x A'^ is regarded as an open subvariety of X. 
Then the stabilizer of (1, (1®, 0^\^)) in G is i^e^eA^e- 

Remark 5.1. The parameterization of G-orbits in |DCP83| is différent from ours. 
In |DCP83j . the open orbit corresponds to 0. 

For each a G H, put Y» = XYi\{a}- By the conditions (jC4|) and (|C5|) . Uaen 
is a strict normal crossing divisor. Let A'^ be the variety constructed 

in Section [5] with respect to {J^en^a- Each Ya defines the subvariety C X. 
Put X' = N X and regard it as an open subvariety of X by the condition 
(jC5|) . Then X' defines an open subvariety X' of X. Since Ya D X' is isomorphic to 
{{n, (c/3)^en) | c» = 0}, A" is isomorphic to ÏV x A" x A" by Lemma EU (P . 

Put Z = A" \ Ucen^^" ^nd Z' = A" n Z. Let fz- Z ^ A". Then we have 
Z' X (G,„)n X A". Define a section s : A" ^ Z of : Z ^ A" by s(i) = 

(1,1", t) G ÏV X (G,„)n X A" ~ Z' C Z. For 9 C H, set = (1^,0"^®) and 
XQ = s{te). 

Lemma 5.2. For {aa)a G (G™)", the action of uj{aa) & A on X' N x x A" 
is given by {n,d,t) H> (Ad(aj(aa))n, (a~^)(i, i). 

Proof. This follows from ([05]) and Lemma [lH © . □ 

By Lemma ESI we have Xq ~ r-^(X) x (G,„)®. For each subvariety W C X, 
put We = wn Aq. 

Lemma 5.3. T/ie open subvariety Zq c Ae is contained in Txq{X) x (G™)^. 
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Proof. By LemmaESl we have Xe ~ T-j^{X) x (G™)^ and (y„)e = ÎV„nx^(^") ^ 
(Gm)®. For a G 8, we have an obvions identity T-j^{X)\y = Ty nx^(^a)- 
Thus we have {X \ U„ee3^")e - %^\U„ee (^) ^ rxe(^)°x (^m)®- 

Hence Ze C T^el^) x (G„0®. □ 

Lemma 5.4. T/ie stabilizer of xq in G is KqNq. 

Proof. Consider the morphism Zq ^ Txe{X) x (G™)® -> Txe(-'i^) ^ Xq. Let ye 
be the image of xe- Then ye ^ (1, (l®,On\®)) e ÏV x A" = X' by Lemma O © . 
Hence StabG(a;e) C StabG(ye) = KeAeNe by ([Cël) . 

We prove KbNb C Stabcla^e)- By Lemma [231 we have An ^ -'^ x (G™)'^. 
Then s{t'^) is given by {uj{t)-'^xa,t^) G X x (G™)" for t G (G^)" (cf. Lemma 
(1)). Hence StabG(s(t^)) = Ad(w(t)"i)iir. Its Lie algebra is spanned by m 
and {Ad(w(t)~^)(X + 9{X)) \ X e Qfj, (3 e Here, is the root space for 

/3. Since Ad(a;(t)-i)(X + e{X)) = /3(w(t)-i)(X + /3(lj(<))26I(X)), the Lie algebra 
of StabG(s(i^)) is spanned by m and {X + l3{uj{t)fe{X) | X G fl^,/? G If 
P = Eaen'^c.a, then p{u{t)f = Ilaen ^a"° for t = e (G™)". Since this 
can be extended to any t G A'^, the Lie algebra of StabG(s(i^)) contains the space 
spanned by m and {X + l3{ijj{t)fe{X) | X G 0,3, /3 e S+} for any t G A". 

Now set t = te- Then s{t'^) = s{t) = X0. For (3 = Easn '^a" G S+, /3(cj(i))2 is 
or 1 and it is 1 if and only if tIq, = for any a G n\ 6, namely, 0/3 C me- Hence the 
Lie algebra of StabG(a;e) contains Lie (iiTe-^e)- Therefore, StabG(a;e) ^ {Ks)°Nq. 
Since K = MK° and M stabilizes s{t) for ail t G (G^)" (hence for alH G A"), we 
have StabG(a;e) 3 M{Ke)°Ne = KqNq. 

Finally, we prove that Stable {xq) C M . Since M C Kq, this implies the lemma. 
For (fla) G (G™)", we have w(aa)a;e = (1, (aâ^)>^e) G ÏV x A" x A" ~ A:". Hence 
if a;(aQ) G Stable (^^e); then a\ = l for ail a G H. Therefore, oj{aa) G M. □ 

Lemma 5.5. FFe have Gxq = f^^[tQ). 

Proof. We regard Txe(X) as a subvariety of X by Txe(X) = Txe(X) x {1®} C 
rxe(X) X (G™)® = A-e C A. By LemmaO we have fz^{te) = Tx^{X)^Z. Let 
V- TxeiX) Xe be the projection. Then p{xq) = uq, where î/e is given in the 
proof of the previous lemma. Since Xe is a G-orbit, we have Gye — A^e- Hence it 
is sufBcient to prove that StabG(î/e)3^e = P^^ive) HZ. By (|C6I) and Lemma 
it is équivalent to showing that Ae^e — P^^iue) H Z. By Lemma [131 © , we have 
p-i(ye) = {1} X {1®} X An\0 x {(1®, on\®)} c ÏV x (G™)" x A" = X'. Hence the 
lemma follows from Lemma 15.21 □ 

In gênerai, for an algebraic group H and an iî-variety Y, let PervH(i^) be the 
category of iî-equi variant perverse sheaves. Then HCe^p ~ Fervi^gAfg, (G/S) ~ 
PervKeNexsiG) ~ PervB(G/ii'e-/Ve)- Write Aq for this équivalence. Let 82 C 
81 C H. Take G Z>i for each a G 81 \ 82 and define i/: by 
j/(t) = (i"°)c,çei\e2x(0"^^0x(l®')- Put Z^, = Zxj^nA^ and dénote the canonical 
morphism Z^ A^ by /^. Then, by Lemma [5. 41 and Lemma [5.5[ we have /j7^(0) — 
G/Ke,Ne, and f-\G^) ~ G/Ke,Ne, x G™. Let p,: /"HG™) G/Kq^Nq, x 
Gm — ^ G / Kq^Nq^ be the first projection and Rip be the nearby cycle functor 
with respect to fu- Define Kat^ : Perv^ (G/if eiA^eJ ^ Pcïyb{G/ Kq^Nq^) by 
Kati/ = iî-)/' o . 

Now we prove the main theorem of this paper. 
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Theorem 5.6. As functors'HCe^.p -^VerYB{G/ Kq^Nq^), we /lat^e Kati/ o Aq^ ~ 

^02 ° JQ2,Bi- 

Proof. Let : — > be the section of obtained by the base change of s under 
h'. Consider the fohowing diagram: 



G/B- 



{g,t)^u{t)g 



G/B X G,, 



B\G- 



■B\G X 



■G/B X Al 
■ B\G X Al 



G/B 
■B\G 



G- 



G X 



G X 



G 



■2. 



■ G/Ke,Ne, 



(g,t)^(uj(u(t))-^g.t) 

G/Ke,Ne,^ G/Ke,Ne, x 

Every rectangle in the diagram above is cartesian, and every vertical arrow is 
smooth. The functor 'i'^, of Emerton-Nadler-Vilonen is defined as the nearby cycle 
functor with respect to the top row, and the functor Kati^ is defined as the nearby 
cycle functor with respect to the bottom row. Therefore, we get our theorem by 
Theorem 14.21 and the smooth base change theorem. □ 
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